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ALGEBRAIC FUNCTIONS 


Introduction 


The following exposes the basic facts concerning the 
Riemann surface of an algebraic function and a proof of the 
Abel- Jacobi theorem, as given by Artin in a seminar in 1948. 
The contents are as follows: 


The Riemann surface as analytic manifold 
Integration on R 

Abelian integrals 

Abel’s theorem 

Jacobi’s theorem 

Bilinear relations 


Aaa fF WD 


Duality 


We assume that the reader knows the Riemann-Roch theorem. 
(Cf. Chevalley’s book on algebraic functions, or Introduction 
to Algebraic Geometry (IAG), Chapter X.) We shall also take 
for granted the existence of a representation of a compact 
orientable surface as a polygon with identified sides. 
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1. The Riemann Surface as Analytic Manifold 


All fields will be assumed of characteristic 0. 

Let K be a function field in one variable over a field k. 
This means that K is of transcendence degree 1, and finitely 
generated. If we can write K = k(x,y), with two generators 
x, y, then we may view (x,y) as the generic point of a plane 
curve, defined by the equation f(X,Y) = 0, if f is the irre- 
ducible polynomial vanishing on (x,y), determined up to a 
constant factor. A point (a,b) lies on the curve if and only if 
f(a,b) = 0. We shall say that the point is simple if 
D, f(a,b) # 0. 

If 0 is a discrete valuation ring of K over K (i.e., contain- 
ing k) and m its maximal ideal, then m is principal, and any 
generator of m is called a local parameter of 0 or m. Assume 
that the residue class field 0/m is equal to k. Let gy: 9 — 0/m 


be the canonical map. If K = k(x,y) and x,y € 0, then we let a = 
¢ (x), b = ~(y). We see that (a,b) is a point on the curve deter- 
mined by (x,y). If z « K, z € 0, we can extend ¢ to all of K by 
letting y(z) = ~. We call ya place of K (over k). We say that 
the point (a,b) is induced by the place on the curve. 

LOCAL UNIFORMIZATION THEOREM. Let K be a func- 
tion field in one variable over k. 


1), Let K = k(x,y) where (x,y) satisfy an irreducible poly- 
nomial f(X,Y) = 0 over k. Let a, b€k be such that f(a,b) = 0 
but D,f(a,b) # 0. Then there exists a unique place y of K 
over k such that g(x) = a, vy) = b, and if 0 is the corre- 
sponding discrete valuation ring with maximal ideal m, then 


X-a is a generator of m. 
2). Conversely, let 0 be a discrete valuation ring of K 
containing k, with maximal ideal, m, such that 0/m = k. 


Let x be a generator of m. Then there exists y«o such that 
K = k(x,y), and such that the point induced by the place on the 
curve is simple. 
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Proof. To prove (1), we shall prove that any element 
g(x,y) € k[x,y] can be written in the form 


A(x, y) 


yv 
B(x,y) 


g(x,y) = (x- 


where A, B are polynomials, and B(a,b) # 0. This proves 
that the ring 0 consisting of all quotients of polynomials 
g, (x,y)/g, (x,y) with g, (a,b) # 0 is a discrete valuation ring, 
and that x-a is a generator of its maximal ideal. 

If g(a,b) # 0, we are done, so assume g(a,b) = 0. Write 


g(a, Y) = (Y — b)g, (Y) g, (Y) € k[Y] 
i(a,¥) = (¥ = b)f, (y) Gime uy 


Then f, (b) # 0 since D,f(a,b) # 0. Hence 

g(a, Y)f, (Y) = f(a, Y)g, (Y) 
It follows that 

g(X, Y)f, (¥) — £(X,¥)g,(¥) = (K - aA, (X,Y) 
for some polynomial A,. Hence 

g(x,y) = (x - a)A, (x,y)/f, (y) 
If A,(a,b) # 0, we are done. If not, we continue in the same 
way. We cannot continue indefinitely, for otherwise, we know 
that there exists some place of K over k inducing the given 
point, and g(x,y) would have a zero of infinite order at the 


discrete valuation ring belonging to that piace, which is im- 


possible. 
Conversely, to prove (2), let K = k(x,z) where z is integral 


q 


over klix]. Let.z =z, ...) 2, (re 2) be the conjugates of 
z over k(x), and extend o to a valuation ring 0 of 
BGC Zi ay. Sree 


Z = ag + ax +°-+ + apex 4s 


be the power series expansion of z, with a; < k, and let 


P(X) = agp Fes Pape. Hor weds. Bdet 
5 2, — PB, (x) 
ai Sere 
x 


If we take r large, then y, has no pole at 0, but yz,..., Yn 
have poles at 0. The elements y,, ..., yn are conjugate over 
k(x). Let f(X,Y) be the irreducible polynomial of (x,y) over k. 
Then 


f(x, Y) = p (x)¥" + +++ + d(x) 
Furthermore, Yi (0) + O for some i, otherwise we could 


factor out some power of X from f(X,Y). We rewrite f(x, Y) 
in the form 


1 1 
f(x, ¥) = dy ()yo... yy (¥ - wi (ey - ) A ) 


In the valuation determined by 0, we see that the coefficient 
= Yn (X)y2- *+ Yn 

cannot have a pole (otherwise divide the two expressions for 

f(x, Y) by this coefficient and read the polynomial modulo the 

maximal ideal m of 0 to get a contradiction). If we denote by 


a bar the residue class of an element of 0 mod m, then 


0 + £(x,¥) = (-1)9-luy - y,) 


By definition, x = a = 0, We let y = y, and y = b. Then 


D,f(a,b) = (-1)9"-1u ¢ 0, 
as was to be shown. : 

COROLLARY. Let K be finite over k(x). There is only a 
finite number of valuations of k(x) over k which are ramified 
in K, 

Proof. There exist only a finite number of points (a,b) 
such that f(a,b) = 0 and D,f(a,b) = 0, and there exist only a 
finite number of valuation rings of K such that x does not 
lie in the valuation ring (i.e., such that x is at infinity). 


We let k be a locally compact field (so in characteristic 
0 this means that k is the real field, complex field, or a 
p-adic field). By a prime or point of K we shall meana 
discrete valuation ring of K over k, whose residue class 
field is k itself. (This should be called a prime rational 
over k.) A prime will be denoted by letters P, Q,... and 


we think of primes as points. The local uniformization 
theorem shows in fact how to interpret primes as non- 
singular points on plane curves. We let R be the set of 
all primes of K over k, and call it the Riemann surface 


of K over k. We can view the elements of K as functions 
on R. If P< R, we denote by 0p the valuation ring as- 
sociated with P, and by Mp its maximal ideal. If z € 0p, 
then we define z(P) to be the residue class of z mod Mp. 
Thus z(P) < k. If z ¢ Op, then we define z(P) = ©, The 
elements of k are constant functions, and are in fact the 
only constant functions. If z(P) = 0, we say that z has a 
zero at P, and if z(P) = ~, we say that z has a pole at P. 

For each x € K, we let TP, = {k,~} be the Gauss sphere 
over k, i.e., the compact space obtained by adjoining to k 
a point at infinity. We let 


r= I ie 
xEeK 
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We embed R in I inthe obvious way: An element P goes on 
the product I]x(P). We topologize R as a subspace of I, 
which amounts to saying that the topology is the one having 
the least amount of open sets such that all the functions 
x € K are continuous. 

The product [is compact, and we contend that R is closed 


in [. This,imphies that R isscempact. et (ag), ax besin 
the closure. Let 0 be the set of elements x in K such that 
ay # ©, Then o is a valuation ring, whose corresponding 
point P is such that x(P) = a, for all x. This is easily 
proved. We first note that k C 0 because a(P) = a for all 
a € k and P € R. Let x,y € o. Then ay ay # ©, By as- 
sumption, there exists P € R suchthat x(P), y(P), and 
(x + y)(P) are arbitrarily close to a,, ay, agyy re- 
spectively. For such P, we see that x(P) and y(P) # ©, 
whence (x + y)(P) # ~. Hence x + y € oO. Similarly, 
Xx —- y and xy lie in 0, which is therefore a ring. Further- 
more, the map x F a, is a homomorphism of 0 into k, 
and is the identity on k. This follows from a continuity ar- 
gument as above. Finally, 0 is a valuation ring, for suppose 
x € 0. Tien a, = ©. Det y = x"), “SiGre.emers P € RK 
such that x(P) is close to a, and y(P) is close to ay. Since 
x(P) is close to infinity, it follows that y(P) is close to 0. 
Hence ay = 0, so y € 0. This proves our assertion. 

If P is a point, a generator t of the maximal ideal Mp 
will be called a local uniformizing parameter at P. We 
shall now prove that the map 


Q - t(Q) 


gives a topological isomorphism of a neighborhood of P 
onto a neighborhood of 0 in k. 

According to the local uniformizing theorem, we can find 
generators t, y for K such that the point P is represented 
by a simple point with coordinates (a,b) in k, and in fact 
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a = 0. Split the polynomial f(0,Y) in the algebraic closure k 
of k. Then b is a root of multiplicity 1, so we have 


fOx) = — pier —gy (vy - 6.) 


The roots of a polynomial are continuous functions of the co- 
efficients. There exists a neighborhood U of 0 in k such 
that for any element t € U, the polynomial f(t, Y) has ex- 
actly one root in k, with multiplicity 1, and this root is close 
to b (in the algebraic closure of k). However, using, for in- 
stance, the Newton approximation method, starting with the 
approximate root b, we can refine b to a root of f(t, Y) in k 
itself, if we took U sufficiently small. Hence the map Q & t(Q) 
is injective on the set of Q such that (t(Q),y(Q)) lies ina 
suitably small neighborhood of (0,b). Since the topology on R 
is determined by the functions in K, and since k is locally 
compact, we conclude that for U sufficiently small, the map 
@ t+ t(Q) gives a topological isomorphism of U onto a neigh- 
borhood of 0 in k. 

We can choose U such that t(U) is a disc on the t-plane. 
We observe that if Q is close to P, then applying the local 
uniformization theorem shows that t - t(Q) is a local uni- 
formizing parameter at Q, because the condition concerning 
the second partial derivative is satisfied by continuity. Indeed, 
if D,f(a,b) # 0, then D,f(a’,b’) # O for all (a’,b’) sufficiently 
close to (a,b). 

THEOREM 1. Taking as charts discs on t-planes as above, 
together with the maps given by local parameters, gives an 
analytic manifold structure to R. 

Proof. If P € R, and t, u are two parameters at P, then 


t has a power series expansion in terms of u, say 
eo . 
t = oe ajul 
i=0 


and since t is algebraic over k(u), simple estimates show 
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that this power series is convergent in some neighborhood of 
the origin. Hence 


t(Q) = D a,u(yi 


for Q close to 0 in the t-plane, and we see that the functions 
giving changes of charts are holomorphic. 

Theorem 1 is valid for any field k which is real, complex, 
or p-adic. From now on, we shall assume that k = C is the 


field of complex numbers. 


We have the notion of a meromorphic function on R, i.e., a 
quotient of holomorphic functions locally at each point. If f is 
such a function, we can write it locally around a point P asa 
power series 


£(Q) = Db, t(Q)' 


where t is a parameter at P, and a finite number of negative 
powers of t may occur. In this way, f may be viewed as em- 
bedded in the power series field Kp * C((t)), and thus can 
be viewed as an adele because it has only a finite number of 
poles on R since R is compact. 

THEOREM 2. Every meromorphic function on R is in K. 

Proof. Let L be the field of meromorphic functions on R. 
If L + K, then the degree (L:K)q of the factor space of L 
mod K over the complex is infinite. But for the unit paral- 
lelotope, A,, consisting of adeles which are integral at all P, 
we have 


(LiK)g =(L+A,:K + Me +(LOM A, + KM Mo 


(cf. IAG, p. 236 ff.), The first term on the right is finite as it 
is shown in Weil’s proof of the Riemann-Roch theorem. The 
second is 0 because a function having no pole is a constant (by 
the maximum modulus principle). Contradiction. 


THEOREM 3. The Riemann surface is connected. 

Proof. Let S be a connected component. Let P € S and 
let z € K bea function having a pole only at P (sucha z 
exists by the Riemann-Roch theorem). Then z is holomorphic 
on any other component, without pole, hence constant, equal to 
c¢ on such a component. But z —- c has infinitely many zeros, 
which is impossible since R and S are compact. 

THEOREM 4. Let z € K bea non-constant function. The 
primes of K induce primes of C(z), and thereby induce a 
mapping of R onto of the z-sphere S,. which is a ramified 
topological covering. The algebraic ramification index en at 
a point P of R is the same as the topological index, and the 
number of sheets of the covering is 


i= (KC); . 


Proof. Let P be a point of R and t a parameter at P. 
Then P induces a point z = a onthe z-sphere, and t® is 
equal to z — a times a unit in the power series ring Cj|t]]. 
Since one can extract n-th roots in C, we can find a local 
parameter u at P on R suchthat u© = z ~— a, where 
a = z(P). The map 


gives an e to 1 map of the disc around P ontoa disc V, in 
the z-plane. We shall call such a disc regular for Q. We 
have shown that the topological ramification index is equal to 
e. As to the number of sheets, all but a finite number of 
primes of C(z) are unramified in K and, therefore, split 
completely into n primes of K (by the formula Ze; = n). 
Hence n is the number of sheets. 

THEOREM 5. The Riemann surface is triangulable and 
orientable. 

Proof. We shall triangulate it in a Special way, used later 
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in another theorem. Let z be a non-constant function in K. 
Consider a triangulation of the z-sphere S, such that every 
point q of S, ramified in K is a vertex (just add such points 
to a given triangulation). A sufficiently high subdivision of the 
triangulation achieves the following properties. 

If A is a triangle in S, none of whose vertices is ramified, 
then A is contained in some regular neighborhood of a point, 
with ramification index equal to 1. 

If A is a triangle with a ramified vertex Q, then AC VQ . 

We can now lift the triangulation. First, each vertex lifts 
to a certain number of vertices on R, and each A none of 
whose vertices is ramified lifts uniquely to n triangles in R. 


If Q is a point of R ramified above q in S,, we let m be 


Vb > 
its ramification index and t a parameter at Q on R. We get 
a map 


by 
t eee 2 oe 


if we choose t suitably. Each point z-ae=r 
verse images 


a So) A 27ive 
mm m 
e 


Hence each triangle A with a vertex at q lifts in m ways. 

As to orientability, we can assume that two triangles of our 
triangulation, none of whose vertices are ramified and having 
an edge in common, are contained in some regular disc. Sec- 
ondly, if A has a ramified vertex q, and A, has an edge in 
common with A, then A, A, are both contained in Vq- 

Now we Can orient the triangles on S, such that an edge 
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receives opposite orientation from the two triangles adjacent 
to it. If A on R covers A, we give A and its edges the same 
orientation as A. In view of our strengthened conditions, we 
can lift the orientation, so R is orientable. 

Let now V, E, T be the number of vertices, edges, triangles 
on the z-sphere. Then denoting by a prime the same objects 
on R, we get 


E’ = nE f = 7e 
On the other hand, let r be the number of primes p of C(z) 
which are ramified, or p = ~. Let Ny be the number of 
primes P of K suchthat P lies above p. Then 
Vo Say = or) = Don 
p 


the sum being taken over ramified p or infinity. We have: 


y’ 


nV =r ee 
poe 


nV +>, (n, - n) 
D p 


nV~- 2, 2 (ep - 1) 
Plp P 


nV — 2) (ep - 1) 
P 


where this last sum is taken over all primes P of K. 

Let ~ be the Euler characteristic of S, and XR that of R. 
We shall prove: 

THEOREM 6. Let g be the topological genus of R. Then 


2g - 2=-2n +2) (ep - 1) 
P 


Proof. We have x, = By - B, + B, where B; is the i-th 
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Betti number. We have B, = B, = 1. But also x, = V-E+T, 
SOR ee 2. 
Now Xp = Vv’ -E’ + T’ and by our previous result, this is 


nV - 2) (ep - 1) —- nE + nT 
i oe (ep = 1) 


But B, = B; = 1 and B, = 2g. Hence xp = 2 — 2g, whence 
2g -— 2 = -2n + Dilep 5) 
as desired. 


COROLLARY. The algebraic genus is equal to the topolog- 
ical genus. 


Proof. Both satisfy the same formula. 


2. Integration on R 


As before, K is a function field over C and R its Riemann 
surface. We shall follow Chevalley to define integration. 

If U is an open subset of R, we can define the notion of 
meromorphic differential on U, namely an expression of type 
fdx where f is a meromorphic function on U and x lies in K. 
We say that fdx ~ gdy if f/g = dy/dx. We say that the dif- 
ferential is holomorphic at P if, whenever t is a parameter 
at P, and 


fdx = ;# dt 
dt 


at P, then the function fdx/dt has no pole at P. We say that 
the differential is holomorphic on U if it is so at very point 
or U. 

A primitive g of fdx on U is a meromorphic function on U 
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such that dg/dx = f. If U is connected, then two priniatives 
differ by a constant, as always. 

If w is a holomorphic differential on a disc V, then w 
has a primitive g and g is holomorphic on V. 

If y is a 1-simplex contained in a disc V, and 5 = fdx 
on V, and ay = P — Q, then we define 


jw ={(P) er 


This number is independent of the choice of V and f. Indeed, 
if supp (y) is contained in another disc V,, and g, is a prim- 
itive of fdx on V,, then V/) V, contains a connected open 
set W containing yand g - g’ is constant on W. 

If subd, y = y; + y, then dy, = P —- Q, 872 =Q-A 
and 


= ct: ® 
J, is ms 
Hence if y is contained in a disc V, then 


fos E 


subd, ¥ 


If y = Znjo; where o, is a 1-simplex contained in some 
open disc we define the integral of w over y by linearity. We 
get again that the integral does not change by a subdivision. 

If y is any 1-chain, for r large enough, each member of 
the r-th subdivision is contained in some open disc, and we 
can define the integral over a 1-chain, independently of the 
subdivision chosen subject to this condition. 

CAUCHY’S THEOREM. Let w be holomorphic on an open 
set U of R. Let y be a &-cycle on U, homologous to 0 on U. 


Then 
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Proof. y = 87 where 7 is a 2-chain. For some r, Sd’ y 
has each one of its simplices contained in a disc. We have 


Sd’ y = sa* an = oSd™ n 


whence it suffices to prove Cauchy’s theorem under the as- 
sumption that 7 and y are contained in a disc. But then w 
has a primitive, and the result is trivial. 

COROLLARY. If U is simply connected, then w has a 
primitive on U. 


3. Abelian Integrals 


A differential will be said to be of the first kind if it is 
holomorphic everywhere on the Riemann surface. Such dif- 
ferentials form a vector space over the complex, and by the 
Riemann-Roch thegrem, one sees that the dimension of this 
space is equal to the genus g of R. 

From topology, we now take for granted that our Riemann 
surface can be represented as a polygon @ with identified 
sides (Fig. 1). 


Figure 1 


We select a point O inside the polygon, and use it as an origin. 
Let ¢ be a differential of first kind (written dfk). Given any 
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point P inside the polygon (which is simply connected), we 
define 


ce) = yee 
. E 
12 


where Ap is any path from O to P lying entirely inside the 
polygon. Then f is single valued and holomorphic inside @. 

If y, is an arbitrary path on R, not necessarily lying in- 
side the polygon, from O to P, then 


Ay ~ Ap + 2 nya 


with suitable integers (and ~ means homologous). Conse- 
quently 


Tee - ho +Da, ie 


The numbers 


a, = a 


generate an abelian group which will be called the group of 
periods of y. An integral taken from O to P along any path ; 
is well defined modulo periods. 

The integral over the path A as shown in Fig. 2 


Figure 2 


is also a period, and we write 


16 
h¢ = a 


Consider one of the cycles aj. We can find a simply con- 
nected open set U containing a; minus the vertex v. We can 
now define a holomorphic function f, on U as follows. Given 
any point P on a, — v, we take a path AD lying entirely in- 
side the polygon except for its end point. For any point Q in U 
we then define 


; Q 
£;(Q) = Ju? i} Y 


the integral from P to Q being taken on a path lying entirely 
inside U. Our function i is holomorphic on a, — Vv. 

Let w be a differential which is holomorphic on a, (in- 
cluding the vertex). We can define 
ij f; Ww 


a- 
1 


as the limit of the integral 
if Si aan 
Pp. tt 


1 


as P;,Q; approach the vertex as indicated. 


Similarly, we define fi as the similar object on the side 
~a;. We get: 


to ene re 
ie 5 i f; w 
We also observe that f+ (P) = f; (P) = -a; for P on a;. We 
can now define the symbol i; ° fw for any differential holo- 


morphic on the polygon @ by 


ai 
ee tam. fet. ~ fe) 
Pj Vv Jp, il 1 
Qi saan ° 
5 nt ~ 
SOD bien J — = aw 
i 
sete ered 
where w, = Ja, w is a period of w. 


THEOREM 7. Let w be a differential holomorphic on @. 
Then ey fw is given by 


=>) Ww, a; = Jaya 27 resp (fw) 


where the sum is taken over poles of w. 

Proof. Our function f is uniquely defined inside the 
polygon. To get the integral over the polygon itself, where 
f has been defined separately for the two representations of 
the same side, we approximate the polygon @ by a polygon @’ 
as indicated (Fig. 3) 


e 


Figure 3 


such that all the poles of w lie inside ®’. Then 
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ge 1M & toe ; ie ia 


the limit being taken as the vertices of ®’ approach the vertex 
of @. The polygon ®’ is homologous to the sum of small cir- 
cles taken with positive orientation around the poles of w, and 
the integral around @’ is, therefore, constant, equal to the ex- 
pression on the right hand side of our equality. Since it ap- 
proaches the integral around @, it is equal to it, thereby 
proving our theorem. 

We formulate our preceding results more generally as 
follows: 

Let @ = (9), ..., Yg) be a basis for the dfk. We con- 
sider the vector integral 


‘fh : Car J, 8) = ip .--, Gg) = Aj 


and call it a vector period, or simply period, from now on. 


Similarly, 


Jz,® = Qj eres Wig) = Aj 
The modules of periods generated over the integers by 
A, .++, Ayg and eae Lay are the same, and in fact 
these two sets differ by a permutation. 
For P inside the polygon, we let 


Ep © = (f,(P), ...,f3@) 
Pp 5 
the f,, Corresponding to integrals of wy. Wedefine Fi and 


ns in a Similar way, so that for P on as (and # vertex) we 
have 
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We can now define the vector integral de Fw and Theorem 1 
can be formuiated vectorially. 

THEOREM 8. If w is holomorphic on @, then ths Fw is 
equalto -—S wi A; - 27,-12 reSp (Fw) the residue being the 
vector of residues, and the sum is taken over all poles of w. 


4. Abel’s Theorem 


We have fixed a point O on the Reimann surface. The vec- 
tor integral 


as P varies over the Riemann surface, taken along some path 
from O to P is well defined modulo the periods. In this way, 
we obtain a mapping from the Riemann surface R into the 
factor space C& modulo of periods. This mapping can be ex- 
tended by linearity to the free abelian group generated by 
points, this group being called the group of cycles on R, or 
divisors. A divisor is a formal sum 


a = 27Np P 


with integers Np; almost all of which are O. Its degree is 
the sum of the np. Those of degree O form a group Dj, 
and for these, it is clear that the restriction of the above 
homomorphism is then independent of the origin chosen. 
We thus obtain a homomorphism 


a S(a) = 2np i: 


modulo periods from D, into C®/(periods). This factor group 
will be denoted by J and be calleg tne Jacobian of R. The 


main theorem states: 
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ABEL-JACOBI THEOREM. The preceding homomorphism 
from D, into J is surjective, and its kernel consists of the 


divisors of functions. It, therefore, establishes an isomorphism 


between the divisor classes (for linear equivalence) of degree 


0, and the Jacobian group C® modulo periods. 

The statement concerning the kernel of our homomorphism 
is called Abel’s theorem and will be proved in this section. The 
surjectivity is postponed to the next section. 


We first prove that divisors of functions are contained in 
the kernel. In other words, if z is a function with divisor 


(z) = 2) npP 
we have to show that 
a Np F(P) = 0 mod periods 


We can always find a polygon representation of R such that z 
has no pole on @, and we let w = dz/z in Theorem 8. Then 
reSp (Fw) = Np F(P). Indeed, for any holomorphic function f 
consider a local parameter t at a point P. Then fw = 
f(dz/dt)z-1 dt. Also, 


dt 


nel foxy 


if z has order k at P. Thus 


reset A) = £(0)k 


By Theorem 8, 


Qn V>127 np @(P) ee w; A; 
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where Waa a z~'dz. But it is easily shown that Wie 
i 


PI v-1m, for some integer m,. Hence we cancel 21 /-] and 
we get 


DS Ip 1) a Ee m, A, 


as was to be shown. 
In order to prove the converse, we need some lemmas. 


LEMMA 1. Let x, (i = 1, ..., 2g) be complex numbers. 
Then ux; A, = 0 if and only if x, = B-A; for some complex 
vector B = (b,, ..., by). The vectors A,, ..., Agg span a 


g-dimensional space over the complex numbers. 
Bagot) Gel — big, a «+= + by Py be a dfk. Then Fy has 
no poles and hence by Theorem 8, 


0 =c=08, resp (Fy) = ia Uw A, 


where 


gs 
Gi a ay Jay = 2 dy ay = BoA, 
This proves half the theorem. 
To prove the converse, we prove first that the relation 
X:A; = 0 for all i implies that X = 0 (for a complex vec- 
tor X). Let w = X°®. Then 


by hypothesis. Hence all the periods of w are 0. Hence 


P 
the integral i w is a holomorphic function on R without 
poles because w is of first kind. It is, therefore, constant 
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hence w = O and X = O because the Py, are linearly inde- 
pendent over C. 

We have now shown that the periods generate a vector space 
of dimension g over the complex. We recall that the A; and 
the A; both generate the module of periods. To prove the last 
assertion of our theorem, we are trying to find all solutions of 
the system 


( Ayaiy 2" * eee = 0 
(*) ahs 


| miaag fe tag = 8 


The column rank is equal to the row rank, and this rank is 
exactly g by the above assertion. Thus the space of solu- 
tions has dimension g. On the other hand, the solutions 

X = (B-A,, 
which must, therefore, be the whole space of solutions. 


er aig Arg ) form a g-dimensional space, 
Our lemma is proved. 

A differential w is said to be of second kind if its residue 
is 0 at all points. It is said to be of third kind if it has at 
most poles of order 1 at all points. The next lemma con- 
cerns such differentials. 

LEMMA 2. Let a - & NpP besa.dimisor of degree 0. Tien 
there exists a differential of third kind w such that reSpw = Np 
for all P. 

Proof. It suffices to prove our assertion for the case where 


all coefficients are zero except for two points. Indeed, by in- 
duction, suppose it proved for points P,, ..., Py. Let Q be 
a new point unequal to the given points. Let w.(j =1,..., r) 
have poles only at Pi and @ such that TeSp Yj = nj and 


TeSQ; = ae We let w = Uw; It obviously has the re- 
quired property. 


The Riemann-Roch theorem gives 


g(-a) = -deg(a) +1 - g + d(a) 
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where d(a) is the dimension of the space of differentials w 
such that (w) = -—a. Put a = P, + P,. Weget d(a)=g +1 
and hence there exists a dkt w having a pole of order 1 at 

P, or P,. But the sum of the residues is 0, so it actually has 
a pole at both, with opposite residues. Multiplying w by a 
suitable constant gives what we want. 

We can now determine the kernel of our map. Let a = 2NpP 
be a divisor of degree 0 such that S(a) = 0. We have to show 
that a is the divisor of a function. 

We contend that there exists a dtk y such that y has poles 


at P with residues Np; and such that 


for suitable integers ni; - By the lemma, there exists a dtk w 
having residue Np at P for all P. For any P, we have 


resp (Fw) = Np F(P) 


By Theorem 8, we get 


es 
= 

we 
ii} 


anv) >) reSp (Fw) 


i er a Np F(P) 


ii} 


anv=1 2) m, A, (by hypothesis) 
Hence 

Dy (wy - 2nV-1 m;) A, =) 
By lemma 1, we have 


Wi - 2nV-1 m, = B-A, 
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for some vector B. We let / = w ~— B:@. Then y has the 
same poles and residues as w. Furthermore, 


le = I bs _— =w, - BA, = 2av-I m, 


thereby proving our contention. 
To construct the desired function z we take essentially 


2) 
z(P) = exp ie yp 


O being as usual a suitable origin inside our polygon. For any 
point P which is not a pole of ¥, and any path from O to P, the 
exponential of the integral gives a function which is independent 
of the path and is thus a well defined meromorphic function. 
For a pole of %, expanding y in terms of a local parameter 
around this point shows at once that we get a meromorphic 
function around the point, whose singularity can only be a pole. 
Abel’s theorem is proved. 


5. Jacobi’s Theorem 


We must now prove that our map from divisors of degree 0 
into the factor group C® modulo periods is surjective. 

A divisor a is said to be non-special if d(-—a) = 0, i.e., if 
there exists no differential w such that (w) = a. 

LEMMA 3. There exists g distinct points M,, .. 
such that the divisor M, +-:: + Mg is non-special. 

Proof. Let w, # 0 bea dfk, and M, a point which is not 
zero of w,. The space of dfk having a zero at M, has di- 
mension g — 1 by Riemann-Roch. Let w, ~ 0 be in it and let 
M, be a point which is not a zero of w,. Continue g times to 
get g¢ points, as desired. 

PRO REIIOS. Jeet Mage. - ca, Mg be g distinct points such 
that the divisor M, +--+ + Mg is non-special. Then the map 


., Ne 


g 
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gives a homomorphism of a product of small dises 


a a Vo around the points P,, ..., Py onto a neigh- 
borhood of zero in C8. 
Before proving our theorem, we show how it implies 


Jacobi’s theorem. 

First we note that it suffices to prove Jacobi’s theorem for 
a neighborhood of zero in C®, i.e., to prove local surjectivity. 
Indeed, let X be any vector. For large n, 1/n.X is ina 
small neighborhood of zero so, by the local result, we can 
find a divisor of degree zero such that F(a) = 1/n.X modulo 
periods. Then F(na) = X modulo periods. 

Using the notation of Theorem 9, let a range over divisors 
Pett Poe tM, + >-* Mo), with Pj ramgme over Vj. 
Then clearly 


Al 
F(a) = ee ® (modulo periods) 


i 


and the theorem implies what we want. 
We now prove Theorem 9. Let t; be a local parameter at 
M,. We contend that the determinant 


YP; en A 

dt my) dt,, (M,) 
i & 

y Y 


dtp. 


is not zero. To prove this, consider the homomorphism 


¢ y 
gt -- (M, ), BOO f ai, | 
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of differentials of first kind into complex g-space. Any dfk 
in the kernel would be special, so the kernel is trivial, and 
our map is a linear isomorphism. Hence our determinant is 
non-zero. 

We write 


Oy = htt. 6y A Nig (tg )dty 


Pg = Wg,(ty)dt,, ..., Pg = bye (tg dtg 


where the h;, ij (t j) is holomorphic in Vj- Let hi, ;{t j? be the 
integral of the power series hij (ty He ——. to vanish 
at tj = 0. Then we get a representation of our map: 


(Pi, «035 Pg)  Uit;) + >>> + te) 


= (Hite...) te), +7 Gee cae 
Whereredeny Hi (t,, ..., ty ) is holomorphic in the ¢ variables, 
Onl Vi 82x Ve. Now 
oH; 
oe, Pay ty) 
J 
and hence the Jacobian determinant evaluated at (0, ..., 0) is 


precisely our preceding determinant, and is non-zero. By the 
implicit function theorem, we get our local analytic isomor- 
phism, thereby proving Jacobi’s theorem. 

The theorem can be complemented by an important remark. 
We consider complex g-space as a real 2g-dimensional space. 
We have: 

THEOREM™10. ThemeniodseA,, ..., Are are linearly 
independent over the reals. Hence the factor space of C& by 
the periods is a 2g-real-dimensional torus. 

Proof. It will suffice to prove that any complex vector X 
is congruent to a vector of bounded length modulo the periods. 
By the Riemann-Roch theorem, any divisor of degree 0 is 
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linearly equivalent to a divisor of type (P, +--+ + Pg) ~ g.O, 
for suitable points P,, ..., Pg, which may be viewed as 
lying inside or on the polygon. For P ranging over the Rie- 
mann surface, the integrals 


12 
f{- @ 
O 
are bounded in the Euclidean norm, if we take the path of 
integration to be entirely inside the polygon, except if P 
lies on the boundary. Consequently, the sum 


Pj 


mw). 


ia © 


has also bounded norm (g times the other bound). Combining 
this with Jacobi’s surjectivity theorem shows that any vector 
is congruent to one with bounded length modulo periods, and 

concludes the proof of Theorem 10. 


6. Bilinear Relations 


Let ~, ~ be two dfk, and consider the polygon representa- 
tion of R, with sides a,, b;, -a,, —b; (i = 1, ..., ¢) follow- 


ing each other (Fig. 4). 


i? 
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We let a; = Jay g and 2, = Jo, ¢ be the canonical periods of 
g, and ais Bi those of y’ 


RIEMANN’S RELATIONS state that 


ps (Mfos 


(5b, ~ age;) = 0 


Drooieiet {(P) be the function defined before (integral 


from O to P, suitably defined on the boundary of the poly- 
gon), and consider the integral 


which gives what we want. 


7. Duality 


LEMMA 4. Numbering the sides of the polygon as at the 
begining, @,. 


Aegs And given an index i, there exists 
a dfk ¢ with periods satisfying 


for j 
ie d 


a, Vso 
ea ts 
‘ ul + iv; Pe ries 
1 1 i Ugs FP IVeS 
=: a 
g = + + 
‘ : @ = 2 
Yo uy + VE le, + jy* 


Pa) 


where the u,v are the real and imaginary parts of the 
periods, and are, therefore, real. Then the column vec- 
tors of the above matrix are our periods A,, ..., A 


cht ae 
(k = 1, ..., @) alia dik y= z,y, +--+ + Zn Pip having 


2gr * 
We wish to find g complex numbers z 


the required periods, This amounts to solving, say for i = 1, 
the system of equations 


iF ’ 
Mpuyo ivy ¢ «+s toe vive ol 
ea B 
1 1 B 5 
wea yy¥a bss" + oe — VyVe * 0 


This is solvable if the row vectors of the coefficient matrix 
are linearly independent over the reals. This is indeed the 
case, because a linear relation is immediately seen to imply 
a linear relation between A,, ..., Ayy over the reals, 

LEMMA 5. A dfk cannot have all its periods pure imagi- 
nary. 

Proof. The preceding system of linear equations cannot 
have a solution when made homogenous. 

THEOREM 11. Given a divisor a = 2 npP of degree 0, 
there exists a unique dtk w, such that 

1, reSpw, = np for all P. 
2, The periods of wq are all pure imaginary. 

Proof, Let» be a dtk with resyyu Hp. It suffiees to 
find a dfk y having the same real parts for the canonical 
periods (integrals around aj). This is immediate from 
Lemma 4, The uniqueness is clear, because the difference 
between two differentials satisfying the conditions of the 
theorem would be a dfk contradicting Lemma 5. 

THRORIGM 12. Tf o is a cycle such that i gee D tome a 
dik then o ~ 0, 

Proof. Geto =~ nya, + --* + Nyy yy Find a dfk ~ having 
periods 


30 


Re f, p= and oa jt 


Then 0 = i gy =n, + pure imaginary, and so n, = 0. 
o) 
Similarly, nj = Grats: 

THEOREM 13. The pairing 


(o,a) — (o,a) = exp J %q 


induces a bilinear pairing between the first homology group 
H, (R) and the group of divisor classes of degree 0. Its 


kernels on both sides are 0, and the pairing induces the 


Pontrajagin duality between the discrete group H,(R) and 


the compact torus. 

Proof. Let D, be the group of divisors of degree 0. If 
a € D, and a = (z) is the divisor of a function, then we may 
take Wq = dz/z. All the periods of dz/z are pure imaginary, 
of the form 27V—1 m with some integer m. Hence (c,a) = 1 
for such divisors, and all cycles o having no point in common 
with a, Furthermore, if o ~ 0, then 


ihe Ww, = 2nv-1 >> respwy 
27 ¥—1 (integer) 


i 


Sonat) aoe 

Our pairing is therefore well defined as a bilinear map of 
H,(R) x J into the circle. 

If a is orthogonal to H,(R), then by definition, all peri- 
ods of Wa are of the type 27 V-1 m for some integer m. 
We can then define a function z by letting 


.P 
z(P) = exp il W 4 


This function is meromorphic, and its divisor is a. Hence 
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the kernel on the right consists precisely of the group of 
divisors of functions. 

To show that the kernel on the left consists precisely 
of these cycles o which are ~0, let us take an arbitrary 
cycle 90 ~ 2nj,;a;. We must show that all n,; = 0. Let 
M,, ..., Mg be non-special points as in the proof of 
Jacobi’s Theorem, and let us assume without loss of gen- 
erality that these points do not lie on the cycles aj. We con- 
sider divisors of degree 0 of type 


ag PB a = lly = «52 My 
where P,, ..., Pg lie in small neighborhoods V,,..., V 
ae, Care Ms respectively. Thus 


enka eee Ny moe x Ve ce 


g 


Se od 
Bat oy Le 


v=1 v 


= 
rf 
> 
oo 
+ 
= 
2 
> 
Ul 


iH 


2nV—1 2) (F(P,) -— F(M,)) 


As a ranges over our divisors as prescribed above, we see 
from the Jacobi theorem that the vectors on the left hand 
side of our equation have real dimension 2g. If (o,a) = 0 
then 


0 = (co, a) sani sf Wa =) nywy (0) | 
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If not all n; = 0, then the vectors (Wks; 26%, Wog (a)) lie 
in a hyperplane, contradiction. 

We Shall leave the statement concerning the continuity of 
the pairing as an exercise for the reader. 


QA 
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